Abstract In addition to their unusually long life cycle, periodical cicadas, Magicicada spp., provide an exceptional example of spatially synchronized life stage phenology in nature. Within regions (broods) spanning 50,000 to 500,000 km 2 , adults emerge synchronously every 13 or 17 years. While satiation of avian predators is believed to be a key component of the ability of these populations to reach high densities, it is not clear why populations at a single location remain entirely synchronized. We develop non-linear Leslie matrixtype models of periodical cicadas that include predation-driven Allee effects and competition in addition to reproduction and survival. Using both numerical and analytical techniques, we demonstrate the observed presence of a single brood critically depends on the relationship between fecundity, competition, and predation. We analyze the single-brood steady state in the large life-span limit using a tractable continuum approximation and show that it yields a good approximation to the numerical results for the biologically relevant case of a 17-year lifespan.
Introduction
Periodical cicadas, Magicicada spp., are remarkable insects in many ways. These species are characterized by exceptionally long life cycles (either 13 or 17 years), their body size is large and they exist at very high densities (sometimes > 500/m 2 ) [25] . Another fascinating aspect of these species is that the developmental timing of populations are entirely synchronized; at any one location, periodical cicadas live the majority of their lives underground as nymphs feeding on roots and then emerge as adults in a single year [17, 24, 25] . The timing of adult emergence is synchronized across large geographical areas ranging from 50,000 to 500,000 km 2 . Cohorts of developmentally synchronized individuals are called broods and while their synchronized emergence is believed to be related to predator satiation, it is not clear why only a single brood is normally present in a given spatial location [18, 4, 25] . Here we use a novel matrix model to explore the cause of synchronized cicada emergence.
Though periodical cicadas are exceptional in many ways, aspects of their life-cycle are shared by a larger category of periodical insects. A species is periodical if it has a life cycle has a fixed length of several years with adults appearing synchronously in a single year [3] . Though the causes of developmental synchrony of periodical insects is often unclear, it has been hypothesized to result either from the impact of predators that numerically respond to variation in prey abundance among years or from asymmetrical competition among individuals of varying age [11] .
While several previous studies have used mathematical models to understand the evolution of the long generation time and prime-numbered life cycle lengths (namely 13 and 17 years) (e.g. [21, 20, 28] ), few studies have focused on identifying mechanisms generating developmental synchrony (e.g. [12] ). Given that periodical cicadas are semelparous -only adults reproduce and then die immediately after -Leslie matrix models are an appropriate framework to mathematically describe their population dynamics. However, Leslie matrix models of periodical cicadas require a 13 × 13 or 17 × 17 matrix. Additionally, there are several non-linearities associated with the population dynamics. For example, inter-and intra-brood competition as well as predation-driven Allee effects (that is, small broods suffer higher per capita mortality from predation) are important properties of cicada life cycles [13, 26, 5, 16] . Consequently, the analytic tractability of such a model is limited by its high dimensionality, especially in the presence of non-linearities in the population dynamics.
We begin by developing a non-linear Leslie matrix model of the dynamics of periodical cicadas with a finite number, q, age classes. Given that only a single brood tends to be present in a spatial location, we attempt to understand the conditions where there is a solution with this single brood at a stable equilibrium. Therefore, we consider the solutions of the model when only one brood has a non-zero population size. To increase the tractability of our anal-ysis, we consider the model in the limit as q → ∞. A stability analysis of the solutions to this model allows us to identify conditions under which the brood positively exists. Finally, we numerically compare our findings to simulations of the model with a finite number of age classes.
Mathematical Model
We construct a model of periodical cicadas using a nonlinear Leslie matrix model that incorporates competition and predation-driven Allee effects. Although periodical cicadas are known to have 13 or 17-year lifespans, we generalize so that the lifespan is q ∈ N years where q is large. The population density of age-cohort i at year t is given by x i t where i = 0, . . . , q − 1. Hereafter, we refer to all classes x 0 t , . . . , x q−2 t as juvenile age classes and x q−1 t as the adult age class. Additionally, we refer to individuals in x 0 t as hatchlings. The general structure of a Leslie matrix model of cicada populations with a maximum lifespan of q years is therefore given by
. . .
Here, s i (x t ) captures the survivorship of individuals of age i to age i + 1 where x t is a vector of the population sizes for each age class, and R(x
) is the overall fecundity of the adult population in the presence of Allee effects. We assume that survivorship depends on both density independent (mortality) and density dependent (competition) processes. We also assume that competition occurs between all juvenile age classes and for analytic tractability we assume the functional form of competition is linear. Therefore, for each age cohort 0 ≤ i < q − 1, the yearly survivorship is
where σ determines mortality and β controls the competition of juveniles. The maximum ensures non-negative population values. For simplicity, we assume that σ and β do not vary across relevant ages. Note that both parameters σ and β are divided by q to insure that the large q limit is well-defined while holding these parameters fixed. Also, for fixed q we require that σ < q. The population dynamics described by Eqns. (1)- (2) can alternatively be written as one equation describing reproduction,
where x 0 t+1 is the number of offspring produced by x q−1 t at time t + 1, and one describing survival,
for 0 ≤ i < q − 1. A given age cohort of individuals is referred to as a brood; more precisely, a brood is a group of individuals that all emerge during the same year and brood k reaches adulthood at times t ≡ k (mod q) Obtaining analytic results for this model is difficult because of its high dimensionality, either q = 17 or 13 for cicadas. On the other hand, the large value of q suggests that accurate results may be obtained in a continuum, q → ∞ limit where the difference equations (4) are replaced by a differential equation. In the sections that follow we develop this continuum description. We explicitly solve the model, derive the equilibria, and determine their stability when there is one brood with a non-zero population size. Based on these findings, we perform numerical tests to determine how well the continuum description approximates the model with finite but large q.
3 Single-brood equilibria for large q
In this section, we analytically determine the stationary state for the model described in Eqns. (3)- (4) in the limit of large q when only one brood has a non-zero population density. In this scenario, the competition term contains only a single brood and Eqn. (4) simplifies to
Next, assume that q is large so that the effect of background mortality and competition is small in a single year. In the limit q → ∞ and holding σ and β fixed, we ignore higher order terms and the difference equation (Eqn. (5)) becomes a differential equation for the population x(τ ) of the brood at scaled age τ = i/q in its life-cycle. The differential equation describing the age dependent dynamics of the brood is then written as
where 0 ≤ τ ≤ 1, x(0) is the population at age zero (hatchlings), and x(1) the adult population. The solution to this differential equation is
and the adult population (where τ = 1) can be found explicitly as
The size of the subsequent cohort of hatchlingsx (0) is obtained from the reproduction equation (3)
Now, we can combine Eqns. (7) and (9) and the result is a difference equation for the size of the adult population from one generation to the next in the single-brood case,
To solve this equation, we need to explicitly define R, which accounts for fecundity and predation-driven Allee effects. We assume that the mean fecundity is given by m and predation follows a Type II Holling response so that
where P max is the maximum density of cicadas predated per year and A half is the population density at which half of the maximum predation is achieved.
Note that x, P max , and A half have dimensions of number of cicadas per area while β has dimensions of the inverse of cicadas per area. It is convenient to non-dimensionalize the equations by defining the dimensionless adult population
and dimensionless parameters,
In terms of the dimensionless adult population, χ, we can obtain the population density of each age class using Eqn. (7) . In particular, the hatchling population is given by
where r is defined as,
Note that when σ is small, r is close to and slightly larger than unity. The equilibrium solutions of Eqn. (10) are be found by settingx(1) = x(1) or, equivalently,χ = χ. Using the form given in Eqn. (11), we find that the equilibria are given by χ = 0, and the solutions of the quadratic equation,
wherem is the effective fecunditym The explicit solutions to the quadratic equation (Eqn. 16) are,
The larger "+" solution is stable based on the following topological argument.
The map describes a one-dimensional flow with two non-trivial fixed points, the + and − solutions and the extinct solution, χ = 0. For large χ, the population decreases for each generation. For χ less than the "−" solution, the population decreases to extinction while for χ greater than the "−" solution the population converges toward the "+" solution.
Simplified functional response
In addition to considering a Type II Holling response for predation, Eqn. (11), we additionally consider a limiting case that simplifies the solutions for χ.
In particular, we consider a functional response such that the reproductive rate of the population increases linearly as the population density of cicadas increases, thus imposing a weak predation-driven Allee effect. This is achieved by letting δ = 0, with bothm → ∞ and A half → ∞ while holding κ = α/m (wherem = e −σ m) and β fixed. In this regime, the total number of offspring is of the form
Here, the stable solution simplifies to
Note that the single-brood solution exists only for
Recalling that κ = α/e −σ m, r = (e σ − 1)/σ, and α = A half β, we note that the existence and size of the single-brood state depends critically on the relationship between the magnitudes of the fecundity (m), competition (β), mortality (σ), and predation (A half ). This important observation provides insight into the mechanisms driving the persistence of a single brood, and we will demonstrate that this finding holds qualitatively for the more complicated Type II Holling response.
In contrast, only the extinct solution, χ = 0, exists for rκ > 1/4. If rκ = 1/4 then χ = 1/(2r) or x(1) = 1/(2βr) whereas the hatchling population is given by x(0) = e σ /βr (from Eqn. 14). Therefore, there is a discontinuous transition to the single-brood state at rκ = 1/4. Finally, for small κ we find that x(1) → 1/βr and x(0) ∼ e σ /κβr 2 .
Simulation results
We performed numerical simulations to assess the agreement between the analytic results of the model in the limit as q → ∞ and the behavior of the model for 17-year periodical cicadas (i.e. q = 17). The simulations were carried out by iterating the dynamics of the system in the single-brood state, Eqns. (3) and (5), until the adult population in successive generations is unchanged within a small tolerance. The initial condition must be chosen in the basin of attraction of the stable single-brood equilibrium solution. If the initial population is less than the unstable solution, the population will go extinct.
In the sections that follow, we first consider the simpler form of the reproduction equation described in Sec. 3.1 followed by an analysis of the full model with a Type II Holling response, Eqn. (11).
Simplified functional response
In the limit as q → ∞, we first consider the simplified model in Section 3.1. The solutions of χ as a function of κ are displayed in Figure 1 ; recall that κ = α/m so that κ is related to the strength of competition, predation, and mortality relative to fecundity, κ = A half βe σ /m. Since we are considering only a single brood, competition is specifically intra-specific. As seen in Fig. 1 , the behavior of χ as a function of κ obtained from Equation (19) (blue curve) with σ = 0 (r = 1) is in reasonable agreement with numerical simulations of the map for q = 17 and m = 1000 (red curve) as long as κ is sufficiently large. For small κ, however, the q = 17 solution falls below the q → ∞ solution and then undergoes a period-doubling cascade to chaos within a small range of κ before going extinct. At κ ≈ .044 the simulations show that there is a bifurcation to a single-brood two-cycle. In the range 0.0036 κ 0.0049 the behavior is chaotic and for κ 0.0035 only the extinct state exists for finite q = 17.
For finite q and κ small, better agreement with the q → ∞ theory is obtained using exponential competition,
which is, in any case, more ecologically realistic but less tractable theoretically. The green curve in Fig. 1 shows the q = 17, m = 1000, σ = 0 simulation with exponential competition. The q = 17 single-brood steady undergoes a perioddoubling transition to chaos in a very narrow range of κ. Numerical simulations show that the bifurcation to the two-cycle occurs at κ ≈ .0113. In the range 0.038 κ 0.040 the behavior is chaotic and for κ 0.038 only the extinct state exists. Note that for the q → ∞ the solution exists as κ → 0 where χ = 1/r and period doubling does not occur. The extinction transition at small κ for finite q is the result of a population overshoot leading to strong competition in the hatchling population and a subsequent crash. 
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Type II Holling response
The single-brood steady state exists whenever the discriminant for the quadratic equation (16) is non-negative,
Along the surface in parameter space where the discriminant vanishes, the dimensionless adult population, χ c , is given by
This value is a minimum in the sense that as the parameter α is varied (with δ > 0) within the single-brood regime, χ is always bounded in the range χ c ≤ χ ≤ 2χ c . Of course, the adult population itself varies over a much larger range and can be very large if β is small, since x(1) = χ/β. As χ approaches χ c and the limit of linear stability is approached, the single-brood state is increasingly susceptible to extinction from finite perturbations since the "+" and "−" solutions of the quadratic equation become closer and if χ is less than the "−" solution, the flow is toward extinction.
Given that the full version of the model has many parameters, we choose to study a set of parameters that is realistic for 17-year periodical cicadas. Based on the literature reasonable values of the parameters are m = 50, P max = 3.9/m 2 , A half = 3.3/m 2 and σ = 1.4 [1] . Unfortunately, there have been very few studies of competition among cicada nymphs so the nature and magnitude of competition remains an unknown [14] . Consequently, here we simply plot varying values of χ as a function of β, measured in units of m 2 . Figure 2 shows the theoretical (Eqn. 18) q → ∞ result (blue curve) along with the q = 17 simulation results for linear competition (red curve) and exponential competition (green curve). The theory is again a reasonable approximation to the finite q simulations. In addition, the behavior of the simple (quadratic) functional response, is qualitatively similar to these more realistic parameters. In terms of dimensionless parameters, we find that the edge of stability of the single-brood steady state obtained from Eqn. (23) is at β c = 0.173m 2 . The dimensionless parameters α and δ vary with β but their values at the edge of stability of the single-brood state are as follows: α c = 0.572 and δ c = 0.104. The control parameter κr at the edge of stability for the simple (quadratic) functional response is 1/4 whereas for these parameters κ c r = 0.101. The quantity χr at the edge of stability for the simple quadratic functional response is 1/2 whereas for these parameters χ c r = 0.573. Thus realistic parameters for the 17-year cicadas are qualitatively similar to the simplified case of the quadratic functional response. The critical density of the adult population is, x(1) = χ c /β c = 1.51/m 2 . Below this density, the single-brood steady state cannot exist. For weak competition the adult population is inversely proportional to the competition parameter, x(1) ≈ (0.4/β)m −2 . For small β, the q = 17 single brood solutions exists in the limit β → 0 for both linear and exponential competition. For exponential competition there is a unique steady state for small β. For linear competition there is a bifurcation at β ≈ 0.009 to a period-2 oscillation followed by a period-doubling cascade to chaos. The population dynamics displays two-banded chaos in the limit β → 0 for linear competition. Note that the (unrealistic) β → 0 limit is singular since the population diverges so that linear and exponential competition differ in this limit. 
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Conclusions
The spatial distribution of periodical cicadas remains enigmatic: broods of these insects emerge synchronously during their 13th or 17th year, and only one brood is present in most spatial locations [18, 4, 25] . Using a combination of numerical and analytical methods, we analyzed a non-linear and non-spatial Leslie matrix-type model in attempt to uncover the conditions under which a stable state exists that corresponds to the presence of only a single brood. Using a simple functional response for predation, we demonstrated that the stability of a single brood state critically depends on the relationship between competition, predation and the effective fecundity. This observation was compared to simulations corresponding to a finite q (q = 17) -which is representative of the actual behavior of periodical cicadas -for both the simple linear form of competition as well as a more realistic exponential functional form. In particular, we assumed that fecundity is large and compared the analytically-determined equilibrium for the model with infinite q with the numerically approximated equilibrium for finite q. We demonstrated that if predation or competition are too high relative to fecundity, only the extinct state is stable. Intuitively, predation and competition need to be sufficiently low to guarantee that fecundity can overcome these processes and guarantee positive population growth. We found that the q → ∞ theory is in reasonable agreement with the q = 17 simulations.
While the above observations relied on simplifying the form of predation and assuming a very high fecundity, we also compared our theoretical equilibrium analysis to numerical simulations of the finite q case using parameters realistic for periodical cicadas. Here, the parameters driving fecundity and predation are fixed based on existing data [13, 14, 15] , and we only vary the parameter corresponding to the level of competition, reflecting the fact that very little information exists about competition among nymphs. Here, similar observations are made: the single brood state only stably exists when competition is sufficiently small to avoid driving the population to extinction. Again, we found that the q → ∞ theory is in reasonable agreement with the q = 17 simulations.
In contrast to our theoretical results, in some cases the simulations for q = 17 undergo a period-doubling cascade followed by extinction if predation and competition are very weak relative to fecundity. The q → ∞ limit in our equilibrium analysis likely eliminates this more complex behavior. The possibility of period doubling and extinction for the finite q case is sensible: high fecundity leads to a boom in population size of hatchlings, but this amplifies competition and ultimately leads to a crash in the population.
In addition to considering the single brood equilibrium, we also attempted to find additional equilibria that correspond to the stable coexistence of multiple broods. This was done through a numerical exploration of parameter space under various initial conditions, and these simulations always resulted in either a single-brood state or extinction. We therefore conjecture that the only non-extinct, stable solutions of the Leslie matrix models studied here are single-brood steady states.
We made several simplifying assumptions to increase the tractability of our analysis in this paper. For example, we implemented relatively simple functional forms for competition; however, there is currently a limited understanding of the mechanistic underpinnings of competition. Furthermore, individual periodical cicadas occasionally emerge in years different from the majority of their cohort and instead delay or accelerate their year of emergence [23, 19, 25, 10, 22] . Our forthcoming research implements alternative functional forms for competition as well as exploring this "leakage" phenomenon to determine whether our results apply to models with more general models of cicadas.
Previous studies of periodical insects indicate that the synchronized development characteristic of these organisms may arise either as a result of asymmetrical competition among different age cohorts or as an emergent consequence of numerical responses of predators [11] . Similar mechanisms have also been advanced to explain developmental synchronization in insects that exhibit multiple generations within a single year [6, 8, 7, 9, 2, 27] . The matrix model applied here demonstrates how inter-cohort competition can drive synchronization in a periodic insect but we did not explore the possible role of numerical responses in predators. For periodical cicadas, there is good evi-dence for such responses [16] but their role in synchronization will need to be explored in future studies.
